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ORDER IDEALS IN ORDER SMOOTH p-NORMED SPACES
ANINDYA GHATAK
Abstract. We generalize the notion of M -ideals in order smooth ∞-normed spaces to
“ smooth p-order ideals” in order smooth p-normed spaces. We show that if V is an
order smooth p-normed space and W is a closed subspace of V , then W is a smooth
p-order ideal in V if and only ifW⊥ is a smooth p′-order ideal in order smooth p′-normed
space if and only if W⊥⊥ is a smooth p-order ideal in order smooth p-normed space V ∗∗.
We prove that every L-summand in order smooth 1-normed space is a smooth 1-order
ideal. We find a condition under which every M -ideal in order smooth ∞-normed space
is a smooth ∞-order ideal. We show that every M -ideal in order smooth ∞-normed
space is smooth ∞-order ideal.
Keywords: Ordered normed spaces, Order smooth p-normed spaces, M-ideals.
1. Introduction
In 1972, E. M. Alfsen with E. G. Effros introduced the notion of M-ideals for general
Banach spaces in a seminal paper [4]. The central theme of the paper was the investigation
of certain subspaces (M-ideals) of V which are analogous to the self-adjoint parts of the
closed two sided ideals in C∗-algebras. Let V be a Banach space and W be a closed
subspace of V . Then W is called M-ideal in V if
V ∗ = W⊥ ⊕1 W
⊥′.
Let A(K) denote the space of all continuous affine functions on K, where K is a
compact convex subset of some locally convex space E (see e.g.[2]). The notion of A(K)
spaces was introduced by Kadison in 1951 in order to study the order structure of C∗-
algebra [17]. He proved that the self-adjoint part of a unital C∗-algebra. In particular,
and the self adjoint part of unital subspace of it is an order unit space. He further showed
that every complete order unit space are isometrically order isomorphic to A(K) space.
The study of ordered Banach spaces by (different) geometric properties and its ideal
theory was initiated in 1950’s in the works of Andoˆ, Bonsall, Edwards, Ellis, Asimov, Ng
and many others (see e.g. [1, 5, 6, 7, 8, 10]).
E. Strømer [23] in 1966 studied Archimedean ideals in order unit spaces ( He called
order unit space as Archimedean order unit space) which have a strong order unit and
are complete in the order unit norm. More preciously, a closed subspace W of V is an
Archimedean ideal if
(i) W is an order ideal in V ;
(ii) W is positively generated;
(iii) V/W is Archimedean.
There he characterized that if I is a closed subspace of a C∗-algebra A, then Isa is an
Archimedean ideal in Asa if and only if I is a two sided ideal in A.
It follows from [4] that every M-ideal in A(K)-space is an Archimedean ideal. Also
an Archimedean ideal W in A(K) is an M-ideal if the corresponding (quotient) homo-
morphism ϕ : A(K) 7→ A(K)/W satisfies: For every ǫ > 0 and a1, a2 ∈ A(K)
+, one
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has
[0, ϕ(a1)] ∩ [0, ϕ(a2)] ⊂ ϕ([0, a1 + ǫ] ∩ [0, a2 + ǫ]).
The above theorem can be found from the papers [3, 4]. Thus one can think Archimedean
ideals in affine function spaces A(K) are the generalization of M-ideals in affine function
spaces A(K). It is unknown that if W is an Archimedean ideal in A(K) space what
structure do the subspace W⊥ preserve in A(K)∗-space.
Given an ordered normed space V with closed cone V + ⊂ V . Then V has α-normal
property ( i.e. there is a constant α > 0 such that if u ≤ v ≤ w in (V, V +) then one has
‖v‖ ≤ αmax{‖u‖, ‖w‖}) if and only if V ∗ satisfies α-generating property ( i.e. there is
a constant α > 0 such that for each v ∈ V , there are v1, v2 ∈ V
+ such that v = v1 − v2
and ‖v1‖+‖v2‖ ≤ α‖v‖). The above 1-normal property is important because it occurs in
every self-adjoint part of C∗-algebra [16] and in every affine function space A(K) [2]. On
the other hand, 1-generating occurs in the dual of the self adjoint part of every C∗-algebra
and also in dual of every A(K)-space.
In 2010, A. Karn [20] proposed the geometric axioms (O.p.1) and (O.p.2) for 1 ≤
p ≤ ∞ in general ordered normed spaces. There 1-normal properties was renamed by
(O.∞.1) and 1-generating by (OS.1.2). In that paper, he extended (O.∞.1) and (O.∞.2)
by (O.p.1) and (O.p.2) respectively. One can note that every self-adjoint part of C∗-
algebra, and A(K) has (OS.∞.2) properties. There is an advantage of studying geometric
properties (O.p.1) and (O.p.2) (for 1 ≤ p <∞) in general ordered normed spaces because
the classical Banach spaces Lp(µ) for 1 ≤ p < ∞ and self-adjoint part of trace p-class
operators ( i.e. Tp(H)sa = {T ∈ B(H)sa : tr(|T |
p) < ∞}) for 1 ≤ p < ∞ has such
geometric properties. For more literature about order smooth p-normed spaces one can
see the work of A. K. Karn [18, 19].
Let (V, V +, e) be an order unit space with order unit e. Then V is an order normed
space (normed given by the order unit e) having (O.∞.1) and (OS.∞.2) geometric prop-
erties [22]. Let (V, {Mn(V )
+}, e) be an abstract operator system. Then for each n,
(Mn(V )sa,Mn(V )
+, en) is an order unit space. Thus it has (O.∞.1) and (OS.∞.2) geo-
metric properties [21].
In this paper, we attempt the following:
(i) To provide a general framework for providing notion of ideals on order smooth
p-normed spaces which we shall call as “smooth p-order ideal”.
(ii) To establish duality theories for such ideals.
Note that M-ideals can be studied in order smooth ∞-normed spaces (see e.g. [12]).
But non trivial M-ideals may not exist in order smooth p-normed spaces for 1 ≤ p <∞.
(see e.g. [14, Theorem 1.8]). The study of ideals in A(K) spaces and ordered normed
spaces also can be found in the works of Bonsal [7, 8]. Such notions of ideals are not
possible to bring in the context of order smooth p-normed spaces.
Thus for first problem, we substitute the definition of the Archimedean ideals in order
unit spaces in the context of order smooth∞-normed spaces by “smooth∞-order ideals”.
Also we extend the notion of smooth∞-order ideals in order smooth∞-normed spaces by
smooth p-order ideals in order smooth p-normed spaces for 1 ≤ p ≤ ∞ (see e.g. Definition
3.7). For p = 1, it generalize the notion of L-summands in order smooth 1-normed spaces
(see Theorem 4.1). For p =∞, it will generalize the notion of M-ideals in order smooth
∞-normed spaces under certain condition (see e.g. Proposition 4.2 and Theorem 4.10).
This condition can be redundant in A(K)-spaces (see e.g. Remark 4.11).
For second problem, we prove that if W is a closed subspace of an order smooth p-
normed space. Then W is a smooth p-order ideal if and only if W⊥ is a smooth p′ order
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ideal in V ∗ (see e.g. Theorem 3.2) if and only if W⊥⊥ is an smooth p-order ideal in
V ∗∗(under the certain conditions)(see e.g. Theorem 3.5).
2. Preliminaries
A subset C of a real vector space V is a cone if λx + y ∈ C whenever x, y ∈ C
and λ ∈ R+. A cone C is proper if C ∩ −C = {0}. An ordered vector space is pair
(V, V +), where V is a real vector space and V + is a cone. Let V be an ordered vector
space and V ∗ be the dual of V . Then V ∗ is an ordered vector space together with cone
V + = {f ∈ V ∗ : f(v) ≥ 0 ∀v ∈ V +}. We define order relation x ≤ y if y − x ∈ V +. If W
is subspace of ordered vector space V , then W is also an ordered vector space together
with cone W+ = W ∩ V +. Let ϕW : V 7→ V/W be the canonical homomorphism. Then
V/W is also an ordered vector space together with cone ϕW (V
+). We say that W is an
order ideal in V if u, v ∈ W and w ∈ V such that u ≤ v ≤ w imply w ∈ W . For basic
idea regarding order structures one can see from the book [15].
A ordered normed space is a triple (V, V +, ‖.‖), where (V, ‖.‖) is a normed linear space
and V + is a cone. The natural way to define a cone V ∗+ on V ∗ by
V ∗+ := {f ∈ V ∗ : f(v) ≥ 0 ∀v ∈ V +}.
We note that V ∗+ is a w∗-closed set in V ∗. In particular, if V + is a cone in ordered
normed space. Then V ∗+ is a norm closed cone in V ∗. Let (V, V +, ‖.‖) be an ordered
normed space. Then we can define another cone V+ on V by
V+ = {v ∈ V : f(v) ≥ 0 ∀f ∈ V
∗+}.
Similarly, we can define cones for V ∗+, V
∗∗
+ and so on. The following proposition connect
relation between cones.
Proposition 2.1. Let (V, V +, ‖.‖) be an ordered normed space. Then we have following:
(i) If V + is norm closed, then V + = V+;
(ii) V ∗+ = V ∗+;
(iii) V ∗∗+ = V ∗∗+ .
Proof. By definition, V + ⊆ V+. If possible, let v ∈ V+ \ V
+. Thus by the Hahn Banach
Separation theorem, there is a f ∈ V ∗ such that f(v) < 0 and f(w) ≥ 0 for all w ∈ V +
so that f ∈ V ∗+. Since v ∈ V+ and f ∈ V
∗+, we have f(v) ≥ 0 which is a contradiction.
Hence V + = V+. Same technique can be used to prove (ii) and (iii). 
Let V be a Banach space and V ∗ be its Banach dual. Let W be a closed subspace of
V . Then we have following Banach space isometry:
(i) (V/W )∗ ∼= W⊥;
(ii) W ∗ ∼= V ∗/W⊥;
(iii) (V/W )∗∗ ∼= (W⊥)∗ ∼= V ∗∗/W⊥⊥;
(iv) W ∗∗ = (V ∗/W⊥)∗ ∼= W⊥⊥.
Let V be an ordered normed space with closed cone V + and W be a closed subspace of
V . Then W,W⊥,W⊥⊥ are also ordered normed spaces with closed cone given by W+ =
W ∩V +,W⊥+ = W⊥∩V ∗+ andW⊥⊥+ =W⊥⊥∩V ∗∗+ respectively. Let ϕW : V 7→ V/W ,
ϕW⊥ : V
∗ 7→ V ∗/W⊥ and ϕW⊥⊥ : V
∗∗ 7→ V ∗∗/W⊥⊥ be the natural homomorphisms. Then
ϕ(V +) is not a closed cone in V/W and so for ϕW⊥(V
∗+), and ϕW⊥⊥(V
∗∗+). The following
proposition describe the topological properties of the possible cones of the quotient spaces
of the given ordered normed spaces.
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Proposition 2.2. Let V be an ordered normed space and W be a closed subspace of V . If
ϕW , ϕW⊥, ϕW⊥⊥ be the natural homomorphisms. Then we have following cone relations:
(i) ϕW (V +)
‖.‖
= ϕW (V +)
w
;
(ii) ϕW⊥(V ∗+)
‖.‖
= ϕW⊥(V ∗+)
w
and
(iii) ϕW⊥⊥(V ∗∗+)
‖.‖
= ϕW⊥⊥(V ∗∗+)
w
.
Proof. It is sufficient to prove (i), as same arguments can be used for (ii) and (ii). Let
v +W ∈ ϕW (V +)
‖.‖
. Then there exist vn ∈ V
+ such that vn +W convergent to v +W
in norm. Thus ‖f(vn − v)‖ → 0 for all f ∈ W
⊥. Thus vn +W → v +W in w-topology.
Thus ϕW (V +)
‖.‖
⊂ ϕW (V +)
w
.
Conversely, if possible let v +W ∈ ϕW (V +)
w
\ ϕW (V +)
‖.‖
. Then by the Hahn Banach
separation theorem, there is f ∈ W⊥ such that f(v) < 0 and f(u) ≥ 0 for all u ∈ V +.
Thus f ∈ V ∗+. Since v+W ∈ ϕW (V ∗+)
w
, thus there exist a net {vα+W}, where vα ∈ V
+
such that vα+W → v+W in w-topology. Thus we have f(vα)→ f(v). Since f(vα) ≥ 0,
we have f(v) ≥ 0, which is a contradiction. Hence ϕW (V +)
‖.‖
= ϕW (V +)
w
. 
Definition 2.3. Let V be an ordered normed space and W be a closed subspace of V .
Let ϕW : V 7→ V/W , ϕW⊥ : V
∗ 7→ V ∗/W⊥ and ϕW⊥⊥ : V
∗∗ 7→ V ∗∗/W⊥⊥ be the natural
homomorphisms. Then we define order structure on V/W, V ∗/W⊥ and V ∗∗/W⊥⊥ as
(i) (V/W )+ := ϕW (V +)
‖.‖
;
(ii) (V ∗/W⊥)+ := ϕW⊥(V ∗+)
w∗
;
(iii) (V ∗∗/W⊥⊥)+ := ϕW⊥⊥(V ∗∗+)
w∗
.
The discussion above the Proposition 2.2 says about the fact that if Banach space have
pre-dual, the its cone should be w∗-closed set. Owing to this fact in mind, we propose
the definition of cones for V ∗/W⊥ and V ∗∗/W⊥⊥ in Definition 2.3. We call such cone as
quotient cone (as this cones are constructed by the help of quotient homomorphism).
Definition 2.4. [20] Let (V, V +) be a real ordered vector space such that V + is a proper,
generating and let ‖.‖ be a norm on V such that V + is closed. For fixed real number
p(1 ≤ p <∞) consider the following two geometric properties on V :
(i) (O.p.1) For u, v, w with u ≤ v ≤ w, we have ‖v‖ ≤ (‖u‖p + ‖w‖p)
1
p ;
(ii) (O.p.2) For v ∈ V and ǫ > 0, there are v1, v2 ∈ V
+ such that v = v1 − v2 and
(‖v1‖
p + ‖v2‖
p)
1
p < ‖v‖+ ǫ;
(iii) (OS.p.2) For v ∈ V , there are v1, v2 ∈ V
+ such that v = v1 − v2 and (‖v1‖
p +
‖v2‖
p)
1
p ≤ ‖v‖.
For p =∞, consider the similar conditions on V :
(i) (O.∞.1) For u, v, w with u ≤ v ≤ w, we have ‖v‖ ≤ max{‖u‖, ‖w‖};
(ii) (O.∞.2) For v ∈ V and ǫ > 0, there exist v1, v2 ∈ V
+ such that v = v1 − v2 and
max{‖v1‖, ‖v2‖} < ‖v‖+ ǫ;
(iii) (OS.∞.2) For v ∈ V , there are v1, v2 ∈ V
+ such that v = v1−v2 andmax(‖v1‖, ‖v2‖)
≤ ‖v‖.
Theorem 2.5. [20] Let (V, V +, ‖.‖) be a real ordered vector space such that V + is proper
and generating. Let ‖.‖ be a norm on V such that V + is closed. For fixed real number
p(1 ≤ p ≤ ∞), we have
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(i) ‖.‖ satisfies (O.p.1) condition on V if and only if ‖.‖∗ satisfies the condition
(OS.p′.2) on the Banach dual (V ∗, V ∗+, ‖.‖).
(ii) ‖.‖ satisfies the condition (O.p.2) on V if and only if ‖.‖∗ satisfies the condition
(O.p′.1) on (V ∗, V ∗+, ‖.‖).
Definition 2.6. [20] Let (V, V +, ‖.‖) be a real ordered vector space such that V + is proper,
generating and let ‖.‖ be a norm on V such that V + is closed. For a fixed p, 1 ≤ p ≤ ∞,
we say that V is an ordered smooth p-normed space, if ‖.‖ satisfies the conditions (O.p.1)
and (O.p.2) on V .
Form earlier discussion in Section 1., it is clear that every self adjoint part of C∗-
algebra and affine functions space A(K) and operator system are the examples of order
smooth ∞-normed spaces. Along with that the classical Lp(µ) and space of trace p-class
operators Tp(H) are the example of order smooth p-normed spaces for 1 ≤ p <∞.
Theorem 2.7. [20] Let (V, V +, ‖.‖) be a real ordered vector space such that V + is
proper, generating and let ‖.‖ be a norm on V such that V + is closed. For a fixed
p, 1 ≤ p ≤ ∞, (V, V +, ‖.‖) is an order smooth p-normed space if and only if its Banach
dual (V ∗, V ∗+, ‖.‖∗) is an order smooth p′-normed space satisfying the condition (OS.p′.2).
In above theorem, we use ‖.‖∗ to denote the norm of the dual Banach spaces. Rest
part of the paper, we use ‖.‖ for ‖.‖∗.
3. Smooth p-order ideals in order smooth p-normed spaces
In this section, we observing the duality properties in Theorem 3.2 and Theorem 3.5.
Such duality motivate us to propose the definition of “smooth p-order ideals” in order
smooth p-normed spaces (see e.g. Definition 3.7). Throughout we assume that V is an
ordered Banach space and W is a closed subspace of V .
The following Lemma link between quotient cone constructed from given ordered
normed spaces with the dual cone constructed from duality ordered normed spaces.
Lemma 3.1. Let (V, V +, ‖.‖) be an order smooth p-normed space and W be a subspace
of V . Let ϕW : V 7→ V/W and ϕW⊥ : V
∗ 7→ V ∗/W⊥ be the natural homomorphisms.
Then we have following:
(i) {f +W⊥ : f(w) ≥ 0 ∀w ∈ W+} = (V ∗/W⊥)+;
(ii) {f ∈ W⊥ : f(v) ≥ 0 ∀v +W ∈ (V/W )+} = W⊥+.
Proof. Let (V, V +) be an order smooth p-normed space and W be a subspace of V .
(i) We note that Banach dual of W is V ∗/W⊥. We claim that {f +W⊥ : f(w) ≥
0 ∀w ∈ W+} is a w∗-closed set. Let {fα +W
⊥} be a net in {f +W⊥ : f(w) ≥
0 ∀w ∈ W+} such that fα+W
⊥ → f+W⊥ for some f ∈ V ∗ in w∗-topology. Since
W is a predual of V ∗/W⊥, thus fα(w)→ f(w) for all w ∈ W
+. Since fα(w) ≥ 0 for
all w ∈ W+, therefore f(w) ≥ 0 for all w ∈ W+. Hence {f +W⊥ : f(w) ≥ 0 ∀w ∈
W+} is a w∗-closed set. We know from definition that (V ∗/W⊥)+ = ϕW⊥(V ∗+)
w∗
.
Let f ∈ V ∗+. Since f(w) ≥ 0 for all w ∈ W+. Thus f +W⊥ ∈ {f +W⊥ : f(w) ≥
0 ∀w ∈ W+}. Thus we have ϕW⊥(V ∗+)
w∗
⊂ {f +W⊥ : f(w) ≥ 0 ∀w ∈ W+}.
Conversely, if possible let f + W⊥ ∈ {f + W⊥ : f(w) ≥ 0 ∀w ∈ W+} \
ϕW⊥(V ∗+)
w∗
. Then by the Hahn Banach separation theorem, there is a w ∈ W
such that f(w) < 0 and g(w) ≥ 0 for all g ∈ V ∗+. Therefore w ∈ V + by the
Proposition 2.1. Thus v ∈ W ∩ V + = W+. Therefore f(w) ≥ 0, which is a
contradiction. Hence {f +W⊥ : f(w) ≥ 0 ∀w ∈ W+} = (V ∗/W⊥)+.
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(ii) Let f ∈ W⊥+. Then f ∈ W⊥ and f ∈ V ∗+. Thus f(v) ≥ 0 for all v ∈ V + so
that f(v) ≥ 0 for all v +W ∈ ϕW (V
+). We claim that f(v) ≥ 0 for all v +W ∈
ϕW (V +)
‖.‖
. Let v+W ∈ ϕW (V +)
‖.‖
. Then there is a sequence vn+W ∈ ϕW (V
+)
such that vn+W → v+W in norm. Since f ∈ W
⊥, we have f(vn) −→ f(v). Since
f(vn) ≥ 0 for all n ∈ N, therefore we have f(v) ≥ 0. We know from the definition
that (V/W )+ = ϕW (V +)
‖.‖
. Thus W⊥+ ⊂ {f ∈ W⊥ : f(v) ≥ 0, ∀v + W ∈
(V/W )+}.
Conversely, let f ∈ {f ∈ W⊥ : f(v) ≥ 0, ∀v +W ∈ (V/W )+}. Now if v ∈ V +,
then v+W ∈ (V/W )+. This implies that f(v) ≥ 0 for all v ∈ V + so that f ∈ V ∗+.
Therefore f ∈ V ∗+ ∩W⊥ =W⊥+.

Theorem 3.2. Let (V, V +, ‖.‖) be an order smooth p-normed space, W be a subspace of
V . Let ϕW : V 7→ V/W and ϕW⊥ : V
∗ 7→ V ∗/W⊥ be the natural homomorphisms. Then
we have following duality:
(i) (W,W+, ‖.‖) is an order smooth p-normed space if and only if
(V ∗/W⊥, (V ∗/W⊥)+, ‖.‖)
is an order smooth p′-normed space satisfying (OS.p′.2).
(ii) (V/W, (V/W )+, ‖.‖) is an order smooth p-normed space if and only if (W⊥,W⊥+,
‖.‖) is an order smooth p′-normed space satisfying (OS.p′.2).
Proof. Let W be a subspace of an ordered smooth p-normed space (V, V +, ‖.‖).
(i) Since Banach dual ofW is V ∗/W⊥ and from (i) of Lemma 3.1, we know that {f+
W⊥ : f(w) ≥ 0 ∀w ∈ W+} = (V ∗/W⊥)+. Thus by applying Theorem 2.5 between
(W,W+, ‖.‖) and (V ∗/W⊥), V ∗/W⊥)+, ‖.‖), we conclude that (W,W+, ‖.‖) is an
order smooth p-normed space if and only if (V ∗/W⊥, (V ∗/W⊥)+,
‖.‖) is an order smooth p′-normed space satisfying (OS.p′.2).
(ii) Since Banach dual of V/W is W⊥ and from Lemma 3.1, we know that {f ∈ W⊥ :
f(v) ≥ 0 ∀v +W ∈ (V/W )+} = W⊥+. Thus by applying Theorem 2.5 between
(V/W, (V/W )+, ‖.‖) and (W⊥,W⊥+, ‖.‖), we conclude that (V/W, (V/W )+, ‖.‖)
is an order smooth p-normed space if and only if (W⊥,W⊥+, ‖.‖) is an order
smooth p′-normed space satisfying (OS.p′.2).

Proposition 3.3. Let (V, V +, ‖.‖) be an order smooth p-normed space and W be a sub-
space of V . Then ϕW⊥(V
∗+) = ϕW⊥(V ∗+)
w∗
if and only if f ∈ W ∗+ implies there is a
g ∈ V ∗+ such that g|W = f .
Proof. Let ϕW⊥(V
∗+) = ϕW⊥(V ∗+)
w∗
. Let f : W 7→ R be a bounded linear functional
such that f(w) ≥ 0 for all w ∈ W+. Then by the Hahn Banach separation theorem, there
exist a bounded linear functional f1 : V 7→ R such that f1|W = f and ‖f1‖ = ‖f‖. Now
by Lemma 3.1, f1 +W
⊥ ∈ ϕW⊥(V ∗+)
w∗
. Thus by assumption, there is a g ∈ V ∗+ such
that f1 +W
⊥ = g +W⊥. Therefore we have f1|W = g|W .
Conversely, assume that if f ∈ W ∗+, then there is a g ∈ V ∗+ such that g|W = f . Now
let f +W⊥ ∈ ϕW⊥(V ∗+)
w∗
. Then there exist gα ∈ V
∗+ such that gα +W
⊥ −→ f +W⊥
in w∗-topology which implies that f(w) ≥ 0 for all w ∈ W+. Thus gα(w) −→ f(w) for
all w ∈ W+. So by assumption, there exist a g ∈ V ∗+ such that g|W = f|W . Therefore
g +W = f +W so that f +W⊥ ∈ ϕW⊥(V
∗+). 
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Lemma 3.4. Let (V, V +, ‖.‖) be an order smooth p-normed space and W be a subspace
of V . Then we have following:
{F +W⊥⊥ : F (f) ≥ 0 ∀f ∈ W⊥+} = (V ∗∗/W⊥⊥)+.
Proof. Let (V, V +, ‖.‖) be an order smooth p-normed space and W be a subspace of
V . We know from definition 2.3, that (V ∗∗/W⊥⊥)+ = ϕW⊥⊥(V ∗∗+)
w∗
. It is clear
from the definition that ϕ(V ∗∗+) ⊂ {F + W⊥⊥ : F (f) ≥ 0 ∀f ∈ W⊥+}. Since {F +
W⊥⊥ : F (f) ≥ 0∀f ∈ W⊥+} is a w∗-closed set, therefore we have ϕ(V ∗∗+)
w∗
⊂ {F +
W⊥⊥ : F (f) ≥ 0 ∀f ∈ W⊥+}.
If possible, let G+W⊥⊥ ∈ {F +W⊥⊥ : F (f) ≥ 0 ∀f ∈ W⊥+} \ ϕW⊥⊥(V ∗∗+)
w∗
. Since
W⊥ is a predual of V ∗∗/W⊥⊥. Thus by the Hahn Banach separation theorem, there exist
g ∈ W⊥ such that G(g) < 0 and F (g) ≥ 0 for all F + W⊥⊥ ∈ ϕW⊥⊥(V ∗∗+)
w∗∗
. Thus
F (g) ≥ 0 for all F ∈ V ∗∗+. Therefore from Proposition 2.1, we have g ∈ W⊥+ so that
G(g) ≥ 0, which is a contradiction. Hence we have {F +W⊥⊥ : F (f) ≥ 0 ∀f ∈ W⊥+} =
(V ∗∗/W⊥⊥)+.

Theorem 3.5. Let (V, V +, ‖.‖) be an order smooth p-normed space and W be a subspace
of V . Let ϕW : V 7→ V/W and ϕW⊥ : V
∗ 7→ V ∗/W⊥ be the natural homomorphisms.
Then we have following duality:
(i) (W⊥,W⊥+, ‖.‖) is an order smooth p′-normed space if and only if
(V ∗∗/W⊥⊥, (V ∗∗/W⊥⊥)+, ‖.‖)
is an order smooth p-normed space satisfying (OS.p.2);
(ii) if (V ∗/W⊥, (V ∗/W⊥)+, ‖.‖) is an order smooth p′-normed space, then
(W⊥⊥,W⊥⊥+, ‖.‖)
is an order smooth p-normed space satisfying (OS.p.2);
(iii) assume that ϕW⊥(V
∗+) = ϕW⊥(V ∗+)
w∗
. If (W⊥⊥,W⊥⊥+, ‖.‖) is an order smooth
p-normed space, then (V ∗/W⊥, (V ∗/W⊥)+, ‖.‖) is an order smooth p′-normed
space.
Proof. (i) Since Banach dual of W⊥ is V ∗∗/W⊥⊥. We know from (i) of Lemma 3.4
that {F+W⊥⊥ : F (f) ≥ 0 ∀f ∈ W⊥+} = (V ∗∗/W⊥⊥)+. Therefore from Theorem
2.5, we conclude that (W⊥,W⊥+, ‖.‖) is an order smooth p′-normed space if and
only if (V ∗∗/W⊥⊥, (V ∗∗/W⊥⊥)+, ‖.‖) is an order smooth p-normed space satisfying
(OS.p.2).
(ii) We have following cone relation on W⊥⊥.
{F ∈ W⊥⊥ : F (f) ≥ 0, ∀f +W ∈ (V ∗/W⊥)+} (1)
= {F ∈ W⊥⊥ : F (f) ≥ 0 ∀f +W⊥ ∈ ϕW⊥(V ∗+)
w∗
}
⊂ {F ∈ W⊥⊥ : F (f) ≥ 0 ∀f +W⊥ ∈ ϕW⊥(V
∗+)}
= {F ∈ W⊥⊥ : F (f) ≥ 0 ∀f ∈ V ∗+}
=W⊥⊥ ∩ V ∗∗+ = W⊥⊥+.
We know that W⊥⊥+ is proper and closed. Since (V ∗/W, (V ∗/W )+, ‖.‖) is an
order smooth p′-normed space, by Theorem 2.5, (W⊥⊥, ‖.‖) is an order smooth
p′-normed space satisfying (OS.p.2) with respect to cone {F ∈ W⊥⊥ : F (f) ≥
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0, ∀f+W ∈ (V ∗/W⊥)+}. Since {F ∈ W⊥⊥ : F (f) ≥ 0, ∀f+W ∈ (V ∗/W⊥)+} ⊂
W⊥⊥+ and W⊥⊥+ is a proper closed cone, thus (W⊥⊥,W⊥⊥+, ‖.‖) is also an order
smooth p-normed space satisfying (OS.p.2).
(iii) Let ϕW⊥(V
∗+) = ϕW⊥(V ∗+)
w∗
. Then from equation (i) of item (b), we can easily
check that {F ∈ W⊥⊥ : F (f) ≥ 0, ∀f + W ∈ (V ∗/W⊥)+} = W⊥⊥+. There-
fore if (W⊥⊥,W⊥⊥+, ‖.‖) is an order smooth p-normed space, then its predual
(V ∗/W⊥, (V ∗/W⊥)+, ‖.‖) is an order smooth p′-normed space.

Corollary 3.6. Let (V, V +, ‖.‖) be an order smooth p-normed space andW be an subspace
of V . Then following are equivalents:
(i) Then (W,W+, ‖.‖) is an order smooth p-normed space if and only if (W⊥⊥,W⊥⊥+,
‖.‖) is an order smooth p-normed space of V ∗∗ satisfying (OS.p.2).
(ii) If ϕW⊥(V
∗+) = ϕW⊥(V ∗+)
w∗
, then (V/W, (V/W )+, ‖.‖) is an order smooth p-
normed space if and only if (V ∗∗/W⊥⊥, (V ∗∗/W⊥⊥)+, ‖.‖) is an order smooth p-
normed space satisfying (OS.1.2).
Definition 3.7. If (V, V +, ‖.‖) is an order smooth p-normed space. Then a subspace W
is called smooth p-order ideal in V if W satisfies the following conditions:
(i) ϕW⊥(V
∗+) = ϕW⊥(V ∗+)
w∗
;
(ii) (W,W+, ‖.‖) is an order smooth p-normed space;
(iii) (V/W, (V/W )+, ‖.‖) is an order smooth p-normed space.
Remark 3.8. It is immediate from the definition 3.7 that If W is a smooth p-order ideal,
then W,W⊥,W⊥⊥ are order ideals.
3.1. Smooth ∞-order ideals. In this subsection, we see that the definition of smooth
∞-order ideals can be redundant (see e.g. Corollary 3.10)
Theorem 3.9. [12, Theorem 2.5] Let (V, V +, ‖.‖) be an order smooth ∞-normed space
and W be an order smooth ∞-normed space. If f ∈ W ∗+, then there is a g ∈ V ∗+ such
that g|W = f .
Corollary 3.10. Let (V, V +, ‖.‖) be an order smooth ∞-normed space and W be a sub-
space of V . Then W is an smooth ∞-order ideal if and only if W satisfies following
conditions:
(i) (W,W+, ‖.‖) is an order smooth ∞-normed space;
(ii) (V/W, (V/W )+, ‖.‖) is an order smooth ∞-normed space.
The condition (ii) of Corollary 3.10 has following equivalent relations:
Theorem 3.11. Let (V, V +, ‖.‖) be an order smooth ∞-normed space and W be a sub-
space of V . Then following are equivalent:
(i) ((V/W ), (V/W )+, ‖.‖) is an order smooth ∞-normed space;
(ii) (W⊥,W⊥+, ‖.‖) satisfying (OS.1.2);
(iii) ‖v +W‖ = sup{|f(v)| : f ∈ (W⊥)1 ∩W
⊥+};
(iv) ‖F +W⊥⊥‖ = sup{|F (f)| : f ∈ (W⊥)1 ∩W
⊥+};
(v) ((V ∗∗/W⊥⊥), (V ∗∗/W⊥⊥)+, ‖.‖) is an order smooth ∞-normed space.
Proof. It is clear that (i), (ii) and (iii) are equivalent and (iv) implies (iii). Thus it is
sufficient to prove that (ii) =⇒ (iii) and (iii) =⇒ (ii) and (ii) =⇒ (iv).
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(ii) =⇒ (iii) Let v ∈ V , then we have
‖v +W‖ = sup{|f(v)| : f ∈ (W⊥)1}
= sup{|f(v)| : f ∈ co((W⊥+ ∩ (W⊥)1 ∪ −(W
⊥+ ∩ (W⊥)1)}[W
⊥ has (OS.1.2)]
= sup{|f(v)| : f ∈ (W⊥)1 ∩W
⊥+}.
(iii) =⇒ (ii) Let u1 +W ≤ u2 +W in ((V/W ), (V/W )
+, ‖.‖). By definition of (V/W )+,
there exist a sequence {vn} in V
+ such that vn+W −→ (u2−u1)+W in norm topology.
Now let f ∈ W⊥+, then f(vn) −→ f(u2 − u1). Since f(vn) ≥ 0 for each n, therefore we
have f(u1) ≤ f(u2).
Now, let v1 + W ≤ v2 + w ≤ v3 + W in ((V/W ), (V/W )
+, ‖.‖). Then for any f ∈
W⊥+∩(W⊥)1, we have f(v1) ≤ f(v2) ≤ f(v3). Hence by assumption, we have ‖v2+W‖ ≤
max{‖v1 + W‖, ‖v3 + W‖}. Since ((V/W ), (V/W )
+, ‖.‖) has (O.∞.1) property, thus
(W⊥,W⊥+, ‖.‖) has (OS.1.2) property.
(ii) =⇒ (iv) Let F ∈ V ∗∗, then we have
‖F +W‖ = sup{|F (f)| : f ∈ (W⊥)1}
= sup{|F (f)| : f ∈ co((W⊥+ ∩ (W⊥))1 ∪ −(W
⊥+ ∩ (W⊥)1)}[W
⊥ has (OS.1.2)]
= sup{|F (f)| : f ∈ (W⊥)1 ∩W
⊥+}.

4. M-ideals and smooth ∞-order ideals
Let W be a closed subspace of a Banach space V . We call W an L-summand if there
exists a (unique) subspace W
′
of V such that V = W ⊕1 W
′
. We call W an M-ideal in
V if W⊥ is an L-summand in V ∗. In other word, V ∗ =W⊥ ⊕1 W
⊥′.
Theorem 4.1. Let (V, V +, ‖.‖) be an order smooth 1-normed space, satisfying (OS.1.2)
and W be a subspace of V . If W is an L-summand, then W is an smooth 1-order ideal
in V .
Proposition 4.2. Let (V, V +, ‖.‖) be an order smooth ∞-normed space and W be a
subspace of V . If W is an M-ideal, then ((V/W ), (V/W )+, ‖.‖) is an order smooth ∞-
normed space.
To prove the above proposition and theorem, we need following informations and lem-
mas. We recall few facts from [4] which will be needed in the next lemma. Let K be a
convex subset of a vector space V . Then a non-empty convex subset F ⊂ K is called a
face if for any u, v ∈ K, we have u, v ∈ F whenever λu+(1−λ)v ∈ F for some 0 < λ < 1.
We define
cone(K) := ∪λ≥0λK
is the smallest cone containing K. If v ∈ V and v 6= 0, we define
faceV1(
v
‖v‖
) = {w ∈ V1 :
v
‖v‖
= λw + (1− λ)u for some λ ∈ (0, 1) and some u ∈ V1}.
We write C(v) := cone(faceV1(
v
‖v‖
)) for the smallest facial cone containing v if v 6= 0. We
define C(0) = {0}. For a cone C in V , we write
C ′ = {v ∈ V : C ∩ C(v) = {0}}.
It may be noted that C ′ may not be convex, in general.
Lemma 4.3. [4, Lemma 2.3] Let V be a normed linear space and let u1, · · · , un ∈ V.
Then the following facts are equivalent:
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(i) u1, · · · , un ∈ C(u1 + · · ·+ un).
(ii) ‖Σn1=1ui‖ = Σ
n
i=1‖ui‖.
Theorem 4.4. [4, Part I, Theorem 2.9] Let C be a norm closed convex cone in a Banach
space V. Then every u ∈ V admits a decomposition u = v + w, ‖u‖ = ‖v‖+ ‖v‖, where
v ∈ C and w ∈ C ′.
Lemma 4.5. Let (V, V +, ‖.‖) be an order smooth 1-normed space satisfying (OS.1.2) and
W be an L-summand in V . If u ∈ W , then C(u) ⊆W .
Proof. Let w ∈ W \{0}. Let u ∈ C(w) and without loss of generality we may assume that
‖u‖ = 1. Then by definition of C(w), we have u ∈ faceK(
w
‖w‖
). Thus there is a v ∈ V1
such that λu+(1−λ)v = w
‖w‖
for some λ ∈ (0, 1). By triangle inequality, ‖v‖ = 1 = ‖u‖.
Since u, v ∈ V and W is subspace of a complete normed space, there are u1, v1 ∈ W and
u2, v2 ∈ W
′
such that
u = u1 + u2 ‖u‖ = ‖u1‖+ ‖u2‖,
v = v1 + v2 ‖v‖ = ‖v1‖+ ‖v2‖.
Now, w
‖w‖
= λu1 + (1− λ)v1 + λu2 + (1− λ)v2. From it, we can rewrite as
(λu1 + (1− λ)v1 −
w
‖w‖
) + λu2 = −(1 − λ)v2,
(λu1 + (1− λ)v1 −
w
‖w‖
) + (1− λ)v2 = −λu2.
Since λu1+(1−λ)v1−
w
‖w‖
∈ W and u2, v2 ∈ W
′
and W is an L-summand, from last two
equations, we get following norm equalities:
‖λu1 + (1− λ)v1 −
w
‖w‖
‖+ λ‖u2‖ = (1− λ)‖v2‖,
‖λu1 + (1− λ)v1 −
w
‖w‖
‖+ (1− λ)‖v2‖ = λ‖v2‖,
which implies that λu1+(1−λ)v1 =
w
‖w‖
. Since ‖u1‖, ‖v1‖ ≤ 1, thus by triangle inequality,
‖u1‖ = 1 = ‖u2‖, so that u2 = 0 = v2. Hence C(w) ⊂W . 
Lemma 4.6. [11] Let (V, V +, ‖.‖) be an order smooth 1-noremd space satisfying (OS.1.2).
If L is an L-projection of V ∗, then L is a positive linear map.
Proof. Let u ∈ V +. Since P is an L-projection, therefore ‖u‖ = ‖L(u)‖ + ‖u − L(u)‖.
Thus by Lemma 4.3, we have L(u), u − L(u) ∈ C(u). Since u ∈ V +, by Lemma 2.2 of
[12], we have C(u) ⊂ V +. Therefore, we have L(u) ≥ 0. 
Lemma 4.7. Let (V, V +, ‖.‖) be an order smooth ∞-normed space and W be an M-ideal
in V so that V ∗ = W⊥ ⊕1 W
⊥′, where W⊥
′
is the complemented subspace of W⊥. If
ϕW⊥(V
∗+) = ϕW⊥(V ∗+)
w∗
, then (V ∗/W⊥, (V
∗
/W⊥)+, ‖.‖) is isometrically order isomor-
phic to (W⊥
′
,W⊥
′+, ‖.‖).
Proof. Let P be the L-projection of V ∗ onto W⊥
′
. We define a map ϕ : V ∗/W⊥ 7→ W⊥
′
by
ϕ(f +W⊥) = P (f)
for all f ∈ V ∗. Let f ∈ V ∗ such that P (f) = 0. Then f ∈ W⊥ so that f +W⊥ = 0+W⊥.
Hence ϕ is well defined. Let f ∈ V ∗. We claim that ‖f + W⊥‖ = ‖P (f)‖. Since
f − P (f) ∈ W⊥, we have f +W⊥ = P (f) +W⊥. Since P is an L-projection on W⊥
′
,
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thus ‖P (f) + g‖ = ‖P (f)‖+ ‖g‖ for all g ∈ W⊥. Therefore ‖P (f)‖ = ‖f +W⊥‖ and ϕ
is isometry onto W⊥
′
. By assumption, (V ∗/W⊥)+ = ϕW⊥(V
∗+). Let f ∈ V ∗+. Since P
is an L-projection, by Lemma 4.6, P is a positive map so that P (f) ∈ W⊥
′+. Hence ϕ
is a positive map. Conversely, if g ∈ W⊥
′+, then g ∈ V ∗+ and ϕ(g +W⊥) = P (g) = g.
Thus ϕ−1 is also positive map. Hence ϕ : V
∗
/W⊥ 7→ W⊥
′
is an isometrical order
isomorphism. 
Lemma 4.8. Let (V, V +, ‖.‖) be an order smooth ∞-normed space and W be an M-ideal
in V so that V ∗ = W⊥ ⊕1 W
⊥′, where W⊥
′
is the complemented subspace of W⊥. Then
(W⊥
′
,W⊥
′+, ‖.‖) is an order smooth 1-normed space.
Proof. Since W⊥
′
⊂ V ∗, W⊥
′
satisfies (O.1.1). We claim that W⊥
′
satisfies (OS.1.2). Let
f ∈ W⊥
′
. Since W⊥
′
is an L-summand of an order smooth 1-normed space V ∗ satisfying
(OS.1.2), by Lemma 4.5, we may conclude that C(f) ⊂ W⊥
′
. Since f ∈ V ∗ and V ∗
satisfies (OS.1.2), there are g, h ∈ V
∗+
such that f = g − h and ‖f‖ = ‖g‖+ ‖h‖. By [4,
Lemma 2.3, part I], we have g,−h ∈ C(f) so that g, h ∈ W⊥
′+. Thus W⊥
′
is an order
smooth 1-normed space satisfies (OS.1.2). 
Proof of theorem 4.1. To prove W is an order smooth 1-normed space, it is suffices to
show that W satisfies (OS.1.2). Let w ∈ W . Since V satisfies (OS.1.2), there are u, v ∈
V + such that w = u − v and ‖w‖ = ‖u‖ + ‖v‖. By Lemma 4.3, we have u,−v ∈ C(w).
Also from Lemma 4.5, we have v,−w ∈ W . Thus W satisfying (OS.1.2).
We claim that ϕW⊥(V
∗+) = ϕW⊥(V ∗+)
w∗
. Let f : W 7→ R be a bounded positive linear
functional. Let P be the L-projection of V onto W . Then by Lemma 4.6, P is a positive
linear map. Let g(v) = f(P (v)) for all v ∈ V . Then g : V 7→ R is a positive linear map
such that for all w ∈ W , we have g(w) = f(P (w)) = f(w). Hence by Proposition 3.3, we
have ϕW⊥(V
∗+) = ϕW⊥(V ∗+)
w∗
.
SinceW is an L-summand, there is a unique subspaceW
′
of V such that V = W⊕1W
′
.
Since W
′
is also an L-summand of V , therefore (W
′
,W
′+, ‖.‖) is an order smooth 1-
normed space satisfying (OS.1.2). We define a map ϕ : V/W 7→ W
′
by
ϕ(v +W ) = Q(v) ∀ v ∈ V,
where Q is the L-projection of V onto W
′
. It is straight to check that ϕ is an isometry
ontoW
′
. We claim that ϕW (V
+) = ϕW (V +)
‖.‖
. So let vn ∈ V
+ such that vn+W → v+W
for some v ∈ V . Since Q is an L-projection, by Lemma 4.6, Q is a positive linear map.
Thus Q(vn) ∈ V
+ is positive. Since ‖Q(vn) − Q(v)‖ = ‖vn − v + W‖ → 0, we have
Q(v) ≥ 0. Since v − Q(v) ∈ ker(Q)(= W ), we have v + W = Q(v) + W . Therefore
ϕW (V
+) = ϕW (V +)
‖.‖
(= (V/W )+). Let v +W ∈ (V/W )+. Since (V/W )+ = ϕW (V
+),
with out loss of generality, we may assume v ∈ V +. Then ϕ(v +W ) = Q(v) ≥ 0 as Q is
an L-projection and v ∈ V +. Therefore ϕ is positive map. Conversely, let v ∈ W+. Since
ϕ(v+W ) = Q(v) = v, therefore ϕ−1 is also positive linear map. Since ϕ : V/W 7→W
′
is
an isometrical order isomorphism and (W
′
,W
′+, ‖.‖) is an order smooth 1-normed space
satisfying (OS.1.2), therefore ((V/W ), (V/W )+, ‖.‖) is an order smooth 1-normed space
satisfying (OS.1.2). 
Proof of Theorem 4.2: Let W is an M-ideal in an order smooth ∞-normed space V .
Let f ∈ W⊥. Since V ∗ satisfies (OS.1.2), there are g, h ∈ V ∗+ such that f = g − h
and ‖f‖ = ‖g‖ + ‖h‖. Thus by Lemma 4.3, we have g,−h ∈ C(f). Since W⊥ is an
L-summand, and f ∈ W⊥, we have g,−h ∈ C(f) so that g, h ∈ W⊥+. Hence W⊥
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satisfies (OS.1.2). Therefore by Theorem 3.11, (V/W, (V/W )+, ‖.‖) is an order smooth
∞-normed space. 
Theorem 4.9. [12] Let (V, V +, ‖.‖) be a complete order smooth 1-normed space satisfying
(OS.1.2) and W be a closed cone in V. Then for any v ∈ V +, there are w ∈ W+ and
w′ ∈ W ′+ such that v = w + w′ and ‖v‖ = ‖w‖+ ‖w′‖.
Theorem 4.10. Let (V, V +, ‖.‖) be an order smooth ∞-normed space and W be a sub-
space of V . If W is an M-ideal, then following are equivalent:
(i) (W,W+, ‖.‖) is an order smooth ∞-normed space;
(ii) if f ∈ W ∗+, then there is a g ∈ V ∗+ such that g|W = f ;
(iii) If ϕW⊥(V
∗+) = ϕW⊥(V ∗+)
w∗
;
(iv) ‖f‖ = sup{f(w) : w ∈ W+ ∩W1} for all f ∈ W
∗+.
Proof. It follows from Theorem 3.9 that (i) implies (ii). Also (ii) implies (iii) follows
from Proposition 3.3. Therefore, it is enough to show the following cases:
(iii) =⇒ (i) : SinceW is anM-ideal, by Lemma 4.8, (W⊥
′
,W⊥
′
+, ‖.‖) is an order smooth
1-normed space satisfying (OS.1.2). Since ϕW⊥(V
∗+) = ϕW⊥(V ∗+)
w∗
, thus by Lemma 4.7,
we have (V ∗/W⊥, (V ∗/W⊥)+, ‖.‖) is an order smooth 1-normed space satisfies (OS.1.2).
Hence by Theorem 3.2, (W,W+, ‖.‖) is an order smooth ∞-normed space.
(iv) =⇒ (ii) : Let f be a positive bounded linear functional on W. By the Hahn Banach
Theorem, there exists g ∈ V ∗ such that g|W = f and ‖g‖ = ‖f‖. We claim that g is
positive. Since V ∗ satisfy (OS.1.2), there are g1, g2 ∈ V
∗+ such that
g = g1 − g2 with ‖g‖ = ‖g1‖+ ‖g2‖.
Since g1, g2 ∈ V
∗+ and V ∗ is complete, by Theorem 4.9, there are g11, g21 ∈ W
⊥+ and
g12, g22 ∈ W
⊥′+ such that g1 = g11 + g12 with ‖g1‖ = ‖g11‖ + ‖g12‖ and g2 = g21 + g22
with ‖g2‖ = ‖g21‖ + ‖g22‖. Now g = g11 − g21 + g12 − g22, where g11, g21 ∈ W
⊥+ and
g12, g22 ∈ W
⊥′+ such that ‖g‖ = ‖g11‖ + ‖g21‖ + ‖g12‖ + ‖g22‖. If fij = gij|W for all
i, j ∈ {1, 2}. Then f11 = f21 = 0, so that f = f12 − f22. Further, as f is positive, we
have 0 ≤ f ≤ f12. Let ǫ > 0, then by assumption, there exist w ∈ W
+ ∩W1 such that
‖f‖−ǫ < f(w). Since 0 ≤ f ≤ f1, thus we have 0 ≤ f(w) ≤ f12(w). Since ‖f‖−ǫ ≤ ‖f12‖
and ǫ is arbitrary, we have ‖f‖ ≤ ‖f12‖. Therefore,
‖f‖ ≤ ‖f12‖
≤ ‖g11‖+ ‖g21‖+ ‖g12‖+ ‖g22‖
= ‖g‖ = ‖f‖
and consequently, g11 = g21 = g22 = 0. Hence g = g12 ∈ V
∗+.
(i) =⇒ (iv) : Let f ∈ W ∗+. Let ǫ > 0, then there exist w ∈ W and ‖w‖ < 1 such that
‖f‖ − ǫ < f(w). Since W is an order smooth ∞-normed space, there exist w1, w2 ∈
W+ such that w = w1 − w2 and max{‖w1‖, ‖w2‖} < 1 . Since w1, w2 ≥ 0, we have
f(w1), f(w2) ≥ 0. Now we have ‖f‖ − ǫ < f(w) ≤ f(w1) ≤ sup{f(w) : w ∈ W
+ ∩W1}.
Since ǫ > 0 ia an arbitrary, we have ‖f‖ = sup{f(w) : w ∈ W+ ∩W1} for all f ∈ W
∗+.

Remark 4.11. Let W be a closed subspace of A(K) space. If W is an M-ideal in A(K),
then W is an order smooth ∞-normed space (see e.g. [13, Proposition 7.17]). Hence
W is an smooth ∞ order ideal of A(K). In general too, we believe that these equivalent
conditions are redundant in order smooth ∞-normed spaces, however we have not been
able to show this.
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